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PR-anti-slant warped product submanifold of
a nearly paracosymplectic manifold
S. K. Srivastava, A. Sharma and S. K. Tiwari
Abstract. In this paper, we study PR-anti-slant warped product submani-
fold of a nearly paracosymplectic manifold M˜ . The necessary and sufficient
condition is obtained for the distributions allied to the characterization of a
PR-anti-slant submanifold being integrable and totally geodesic foliation.
In addition, we have defined PR-anti-slant warped product submanifold
of M˜ and gave some illustrations. Finally, we extracted the constraints for
a submanifold of M˜ to be a PR-anti-slant warped product of the form
F ×f Nλ.
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1. Introduction
The warped product submanifolds of a pseudo-Reimannian manifold served as a
fruitful platform in exploring, identifying and to solve problems in mathematical
physics, especially in different models of spacetime, black holes, Ricci flow and
Hamiltonian spaces (c.f.,[1, 8, 18, 27]). In [21], Bishop and O’Neill initiated the
theory of warped product submanifold as a generalization of pseudo-Reimannian
product manifolds. The study has attained momentum when Chen [9] introduced
the geometric depiction of warped product CR-submanifolds in Kahlerian mani-
fold N˜ through differential point of view and proved the non-existence of proper
warped product CR-submanifolds in the form N⊥ × fNT such that NT is a
holomorphic submanifold and N⊥ is a totally real submanifold of N˜ .
S. K. Srivastava: partially supported through the UGC-BSR Start-Up-Grant vide their letter
no. F.30-29/2014(BSR). A. Sharma: supported by Central University of Himachal Pradesh
through the Research fellowship for Ph.D..
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Apart from warped product submanifolds, there is a major generalized
class of both holomorphic and totally real submanifolds, called slant submani-
folds. Chen begun the concept of slant submanifolds in complex geometry [10].
Later on, slant and semi-slant submanifolds in contact Riemannian geometry are
studied by Lotta and Cabrerizo, respectively [6, 7, 20]. This geometric setting
may not found suitable in mathematical physics particularly, in the theory of
space time and black hole, where the metric is not necessarily positive definite.
Thus, the geometry of slant submanifolds with indefinite metric became a topic
of investigation, and Sahin gave the notion of slant lightlike submanifolds of in-
definite Hermitian manifolds [22]. Since then several geometers have contributed
many important characterization to the warped product slant submanifolds in
almost contact, complex and lorentzian manifolds (c.f.,[2, 12, 23, 28]). Recently,
Chen-Munteanu, brought our attention to the geometry of PR-warped products
in para-Ka¨hler manifolds [11]. Motivated by the work of [11], the authors have
studied PR-warped product in paracontact manifold which can be viewed as
the counterpart of para- Ka¨hler manifold [25].
This paper is organized as follows. In Sect.2, the basic informations about
almost paracontact metric manifolds, nearly paracosymplectic manifold and
slant submanifold are given. Sect.3, concerned with PR-anti-slant submanifold
of a nearly paracosymplectic manifold M˜ . The integrability and totally geo-
desic foliation conditions for the distributions involved with the definition are
drawn. In Sect.4 we define PR-anti-slant warped product submanifold M and
investigate the existence and nonexistence results for such submanifolds of M˜ .
Further, we give some examples of a PR-anti-slant warped product submanifold
F ×f Nλ, where F is anti-invariant and Nλ is proper slant submanifold of a
nearly paracosymplectic manifold M˜ . Finally, we derive the necessary and suf-
ficient condition for a submanifold of M˜ to be a PR-anti-slant warped product
of the form F ×f Nλ.
2. Preliminaries
2.1. Almost paracontact metric manifolds
A (2n+1)-dimensional smooth manifold M˜ is said to have an almost paracontact
structure (ϕ, ξ, η), if there exist on M˜ a tensor field ϕ of type (1, 1), a vector
field ξ, and a 1-form η satisfying
ϕ2 = Id− η ⊗ ξ, η(ξ) = 1 (2.1)
where Id is the identity transformation and the tensor field ϕ induces an almost
paracomplex structure on the distribution D = ker(η), that the eigen distribu-
tions D± corresponding to the eigenvalues ±1 have equal dimensions n. From
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the equation (2.1), it can be easily deduced that
ϕξ = 0, η ◦ ϕ = 0 and rank(ϕ) = 2n. (2.2)
If the manifold M˜ has an almost paracontact structure (ϕ, ξ, η) then we can find
a non-degenerate pseudo-Riemannian metric g on M˜ such that
g (X,Y ) = −g(ϕX,ϕY ) + η(X)η(Y ), (2.3)
where signature of g is necessarily (n+1, n) for any vector fields X and Y ; then
the quadruple (ϕ, ξ, η, g) is called an almost paracontact metric structure and
the manifold M˜ equipped with paracontact metric structure is called an almost
paracontact metric manifold [24, 29]. With respect to g, η is metrically dual to
ξ, that is
g(X, ξ) = η(X). (2.4)
With the consequences of Eqs. (2.1), (2.2) and (2.3) we deduce
g(ϕX, Y ) = −g(X,ϕY ), (2.5)
for any X,Y ∈ Γ(TM˜). Here Γ(TM˜) is the tangent bundle of M˜ . Finally, the
fundamental 2-form Φ on M˜ is given by
g(X,ϕY ) = Φ(X,Y ). (2.6)
Definition 2.1. For all X,Y ∈ Γ(TM˜) an almost paracontact metric manifold
(M˜, ϕ, ξ, η, g) is called ([14, 15, 19])
• nearly para Sasakian if
(∇˜Xϕ)Y + (∇˜Y ϕ)X = 2g(X,Y )ξ + (η(X)Y + η(Y )X)
where, ∇˜ is Levi-Civita connection on M˜ .
• paracosymplectic if the forms η and ϕ are parallel with respect to the Levi-
Civita connection ∇˜ on M˜ , i.e.,
∇˜η = 0 and ∇˜ϕ = 0.
• nearly paracosymplectic if ϕ is killing, i.e.,
(∇˜Xϕ)Y + (∇˜Y ϕ)X = 0 (2.7)
or equivalently,
(∇˜Xϕ)X = 0. (2.8)
Now, for X,Y ∈ Γ(TM˜), N ∈ Γ(TM˜)⊥ and by the property of Levi-Civita
connection ∇˜ on M˜ , we have
g(∇˜XY,N) = −g(∇˜XN, Y ) (2.9)
4 S. K. Srivastava, A. Sharma and S. K. Tiwari
here, Γ(TM˜)⊥ denotes the set of vector fields normal to M˜ . Following Blair [5]
we prove:
Proposition 2.2. On a nearly paracosymplectic manifold the vector field ξ is
killing.
Proof. Clearly by using Eq. (2.3) we obtain that g(∇˜ξξ, ξ) = 0, so we can con-
sider that X (any non-zero tangent vector) is orthogonal to ξ. Now, by using
the fact that manifold is nearly paracosymplectic we get
g(∇˜Xξ,X) =− g(ϕ∇˜Xξ, ϕX) = g((∇˜Xϕ)ξ, ϕX) = 0.
This completes the proof. 
2.2. Geometry of slant submanifolds
Let M be a submanifold immersed in a (2n+1)-dimensional almost paracontact
manifold M˜ ; we denote by the same symbol g the induced non-degenerate metric
on M . If Γ(TM) denotes the tangent bundle of submanifold M and Γ(TM⊥)
the set of vector fields normal to M then Gauss and Weingarten formulas are
given by respectively
∇˜XY = ∇XY + h(X,Y ), (2.10)
∇˜Xζ = −AζX +∇⊥Xζ. (2.11)
for any X,Y ∈ Γ(TM) and ζ ∈ Γ(TM⊥), where ∇ is the induced connection,
∇⊥ is the normal connection on the normal bundle Γ(TM⊥), h is the second
fundamental form, and the shape operator Aζ associated with the normal section
ζ is given by
g (AζX,Y ) = g (h(X,Y ), ζ) . (2.12)
If we write, for all X ∈ Γ(TM) and ζ ∈ Γ(TM⊥) that
ϕX = tX + nX, (2.13)
ϕζ = t′ζ + n′ζ, (2.14)
where tX (resp., nX) is tangential (resp., normal) part of ϕX and t′ζ (resp.,
n′ζ) is tangential (resp., normal) part of ϕζ. Then the submanifold M is said
to be invariant if n is identically zero and anti-invariant if t is identically zero.
From Eqs.(2.5) and (2.13), we obtain that
g(X, tY ) = −g(tX, Y ). (2.15)
The mean curvature vector H of M is given by H = 1
n
traceh. A submanifold
M is said to be [11]
• totally geodesic if its second fundamental form vanishes identically.
• umbilical in the direction of a normal vector field ζ on M , if Aζ = δId, for
certain function δ on M , here such ζ is called a umbilical section.
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• totally umbilical if M is umbilical with respect to every (local) normal
vector field.
For all X,Y ∈ Γ(TM˜), the covariant derivative of tensor field ϕ is defined as
(∇˜Xϕ)Y = ∇˜XϕY − ϕ∇˜XY. (2.16)
Let TXY be the tangential and NXY be the normal part of (∇˜Xϕ)Y then
(∇˜Xϕ)Y = TXY +NXY, ∀X,Y ∈ Γ(TM). (2.17)
For later use we can verify the property of T and N given by,
g(TXY,W ) = −g(Y, TXW ), (2.18)
∀X,Y,W ∈ Γ(TM) and N ∈ Γ(TM)⊥. On a submanifold M of a nearly par-
cosymplectic manifold, by Eqs.(2.7) and (2.17), we have
TXY + TYX = 0, (2.19)
NXY +NYX = 0, (2.20)
for any X,Y ∈ Γ(TM).
Following the notion of slant submanifold in [2, 7]. We give the following defini-
tion:
Definition 2.3. Let M be an isometrically immersed submanifold of an almost
paracontact manifold M˜(ϕ, ξ, η, g) and Dλ be the non-degenerate distribution
on M . Then M is said to be slant submanifold of M˜ if there exists a constant
λ ≥ 0 such that
t2 = λ (Id− η ⊗ ξ) , g(tX, Y ) = −g(X, tY )
for any nonzero vectors X,Y ∈ Dλ at p ∈ M and not proportional to ξp. Here,
λ is a slant coefficient of M .
Remark 2.4. It is important to note that the invariant and anti-invariant im-
mersions with slant coefficent λ = 1 and λ = 0 respectively. A slant immersion
which is neither invariant nor anti-invariant is called a proper slant immersion.
If we denote the orthogonal distribution to ξ ∈ Γ(TM) by D, then the tangent
bundle of M is given as follows:
TM = D ⊕ < ξ > .
3. PR-anti-slant submanifolds
In this section, we define PR-anti-slant submanifolds of an almost paracontact
pseudo-Riemannain metric manifold and derive characterization results for the
same.
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Definition 3.1. Let M is an isometrically immersed submanifold of an almost
paracontact manifold M˜(ϕ, ξ, η, g) such that the characteristic vector field ξ ∈
Γ(TM). Then M is said to be a PR-anti-slant submanifold if it is furnished
with the pair of non-degenerate orthogonal distribution (D⊥,Dλ) satisfies the
following conditions:
(i) TM = D⊥ ⊕Dλ⊕ < ξ >,
(ii) the distribution D⊥ is anti-invariant under ϕ, i.e., ϕ(D⊥) ⊂ Γ(TM)⊥ and
(iii) the distribution Dλ is slant distribution with slant coefficient λ.
We say that a PR- anti-slant submanifold is proper if D⊥ 6= {0}, Dλ 6= {0} and
λ 6= 0, 1. A PR- anti-slant submanifold is said to be mixed totally geodesic if
h(X,Z) = 0 for all X ∈ Γ(Dλ) and Z ∈ Γ(D⊥⊕ < ξ >).
Now, we can give the following important corollary as a straight forward con-
sequences of the definition of slant submanifold of an almost paracontact mani-
folds:
Proposition 3.2. Let M be a slant submanifold of an almost paracontact metric
manifold M˜(ϕ, ξ, η, g) with ξ ∈ Γ(TM). Then
g(tX, tY ) = λg(ϕX,ϕY ), (3.1)
g(nX, nY ) = (1− λ)g(ϕX,ϕY ), (3.2)
for any X,Y ∈ Γ(Dλ).
Proof. Since g(tX, tY ) = −g(X, t2Y ) = −λg(X,ϕ2Y ) = λg(ϕX,ϕY ). There-
fore, by the use of Eq. (2.3) and definition 2.3, we get Eq. (3.1). Eq. (3.2) follows
from Eqs. (2.13) and (3.1). This completes the proof. 
Proposition 3.3. Let M be a immersed submanifold of an almost paracontact
metric manifold M˜(ϕ, ξ, η, g) such that ξ ∈ Γ(TM). Then for any X,Y ∈ Γ(Dλ),
we have
(i) t′nX = (1− λ)(X − η(X)ξ) and
(ii) n′nX = −ntX.
Proof. We have from Eq. (2.14) that ϕnX = t′nX + n′nX . Then, taking inner
product with Y and applying Eqs. (2.1) and (3.2) we derive the formula-(i). For
formula-(ii), we have from Eq. (2.13) and definition 2.3 that
ϕtX = t2X + ntX = λ(X − η(X)ξ) + ntX. (3.3)
On the other hand, using Eq. (2.14) and formula-(i) it can be written that
ϕnX = t′nX + n′nX = (1− λ)(X − η(X)ξ) + n′nX. (3.4)
From Eqs. (3.3) and (3.4) we get ϕtX + ϕnX = (X − η(X)ξ) + ntX + n′nX .
Formula-(ii) can be achieved by employing Eqs. (2.1) and (2.13) in previous
expression. This completes the proof. 
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Now, we give the necessary and sufficient condition for integrability and totally
geodesic foliation of distributions equipped with the submanifold M .
Theorem 3.4. Let M be a proper PR-anti-slant submanifold of a nearly para-
cosymplectic manifold M˜(ϕ, ξ, η, g). Then the distribution Dλ, is integrable if
and only if
2λg(∇˜XY, Z) = g(AntYX,Z) + g(AntXY, Z)− g(AϕZtY,X)− g(AϕZtX, Y ).
(3.5)
for any Z ∈ Γ(D⊥ ⊕ ξ) and X,Y ∈ Γ(Dλ).
Proof. From the fact that ξ is killing and Eq. (2.3), we have
g([X,Y ], Z) = g(∇˜XY, Z)− g(∇˜YX,Z) = −g(ϕ∇˜XY, ϕZ)− g(∇˜YX,Z).
(3.6)
Using Eqs. (2.7) and (2.16) in Eq. (3.6), we obtain that
g([X,Y ], Z) = −g(∇˜XϕY − (∇˜Xϕ)Y, ϕZ)− g(∇˜YX,Z)
= −g(∇˜XtY , ϕZ)− g(∇˜XnY , ϕZ)− g((∇˜Y ϕ)X,ϕZ)− g(∇˜YX,Z).
(3.7)
Applying Eqs. (2.9) and (2.10) in equation (3.7), we get
g([X,Y ], Z) = −g(h(X, tY ), ϕZ) + g(∇˜XϕZ, nY )
− g(∇˜Y ϕX − ϕ∇˜YX,ϕZ)− g(∇˜YX,Z).
By the use of Eqs. (2.1), (2.3), (2.13) and covariant differentiation of ϕ, the
above expression reduced to
g([X,Y ], Z) = −g(h(X, tY ), ϕZ) + g((∇˜Xϕ)Z + ϕ∇˜XZ, nY )
− g(∇˜Y (tX + nX), ϕZ)− 2g(∇˜YX,Z). (3.8)
Employing Eqs. (2.14), (2.17) and the fact that structure is nearly paracosym-
plectic in (3.8), we recieve that
g([X,Y ], Z) = −g(h(X, tY ), ϕZ)− g(∇˜XZ, t′nY + n′nY )
− g(h(Y, tX), ϕZ)− g(∇˜Y Z, t′nX + n′nX)− 2g(∇˜YX,Z). (3.9)
In light of proposiotion 3.3 and Eq. (2.9), equation (3.9) yields
g([X,Y ], Z) = −g(h(X, tY ), ϕZ) + (1− λ)g(∇˜XY, Z) + g(∇˜XZ, ntY )
− g(h(Y, tX), ϕZ) + (1− λ)g(∇˜YX,Z) + g(∇˜Y Z, ntX)− 2g(∇˜YX,Z).
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From above equation, we conclude that
2λg(∇˜XY, Z) = −g(h(X, tY ), ϕZ) + g(∇˜XZ, ntY )
− g(h(Y, tX), ϕZ) + g(∇˜Y Z, ntX). (3.10)
By the virtue of Eqs. (2.12) and (3.10), we obtain equation (3.5). This completes
the proof of the theorem. 
Theorem 3.5. Let M be a proper PR-anti-slant submanifold of a nearly para-
cosymplectic manifold M˜(ϕ, ξ, η, g). Then the distribution (D⊥ ⊕ ξ) defines a
totally geodesic foliation if and only if
2g(AntXZ,W ) = g(AϕWZ, tX) + g(AϕZW, tX) (3.11)
for any Z,W ∈ Γ(D⊥ ⊕ ξ) and X ∈ Γ(Dλ).
Proof. We have from Eq. (2.3) and the fact that X and ξ are orthogonal that
g(∇˜ZW,X) = −g(ϕ∇˜ZW,ϕX). (3.12)
Using Eqs. (2.5), (2.13) and (2.16) in Eq. (3.12), we get
g(∇˜ZW,X) = −g(ϕ∇˜ZW, tX)− g(ϕ∇˜ZW,nX)
= −g(∇˜ZϕW − (∇˜Zϕ)W, tX) + g(∇˜ZW,ϕnX). (3.13)
Employing Eqs. (2.17), (2.9) and proposition 3.3 in (3.13), we obtain that
g(∇˜ZW,X) = −g(∇˜ZϕW, tX) + g((∇˜Zϕ)W, tX) + g(∇˜ZW, t′nX) + g(∇˜ZW,n′nX)
= g(∇˜ZtX, ϕW ) + g((∇˜Zϕ)W, tX) + (1− λ)g(∇˜ZW,X)− g(∇˜ZW,ntX).
Above expression on using nearly paracosymplectic structure and Eq. (2.16)
reduced to
g(∇˜ZW,X) = g(∇˜ZtX, ϕW )− g((∇˜Wϕ)Z, tX) + (1 − λ)g(∇˜ZW,X)
− g(∇˜ZW,ntX)
= g(∇˜ZtX, ϕW )− g(∇˜WϕZ − ϕ∇˜WZ, tX) + (1− λ)g(∇˜ZW,X)
− g(∇˜ZW,ntX). (3.14)
From above expression, we conclude that
λg(∇˜ZW,X) = g(∇˜ZtX, ϕW )− g(∇˜WϕZ, tX)− g(∇˜WZ, t2X + ntX)
− g(∇˜ZW,ntX). (3.15)
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By the use of Eqs. (2.9), (2.12) and the fact that η(X) = 0, we obtain from Eq.
(3.15) that
λg(∇˜ZW,X) = g(h(Z, tX), ϕW ) + g(h(W, tX), ϕZ)− λg(∇˜WZ,X)
− 2g(h(W,Z), ntX).
By the virtue of Eq. (2.12) the above expression yields Eq. (3.11). 
4. PR-anti-slant warped product of the form F ×f Nλ
Let (B, gB) and (F, gF ) be two pseudo-Riemannian manifolds and f be a positive
smooth function on B. Consider the product manifold B × F with canonical
projections
pi : B × F → B and σ : B × F → F. (4.1)
Then the manifold M = B ×f F is said to be warped product if it is equipped
with the following warped metric
g(X,Y ) = gB (pi∗(X), pi∗(Y )) + (f ◦ pi)2gF (σ∗(X), σ∗(Y )) (4.2)
for all X,Y ∈ TM and ∗ stands for derivation map, or equivalently,
g = gB + f
2gF . (4.3)
The function f is called the warping function and a warped product manifold
M is said to be trivial if f is constant (see also [3, 25, 26]). Now, we recall the
following proposition for the warped product manifolds [3]:
Proposition 4.1. For X,Y ∈ Γ(TB) and Z ∈ Γ(TF ), we obtain on warped
product manifold M = B ×f F that
(i) ∇XY ∈ Γ(TB),
(ii) ∇XZ = ∇ZX = X(ln f)Z,
where ∇ denotes the Levi-civita connections on M .
For a warped product M = B ×f F , B is totally geodesic and F is totally
umbilical in M [3].
Definition 4.2. A PR- anti-slant submanifold is called a PR-anti-slant warped
product if it is a warped product of the form: F×fNλ, where F is an anti invariant
submanifold, Nλ is a proper slant submanifold of an almost paracontact manifold
M˜(ϕ, ξ, η, g) with slant coefficient λ and f is a non-constant positive function
on F . If f is constant then the product of the form: F ×f Nλ is called PR-
anti-slant product.
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In this section, we shall examine PR-anti-slant warped product subman-
ifolds of a nearly paracosymplectic manifold such that ξ ∈ Γ(TNλ) and ξ ∈
Γ(TF ).
Case-1: When characteristic vector field ξ is tangent to Nλ.
Proposition 4.3. There do not exist a PR-anti-slant warped product submanifold
M = F ×f Nλ of a nearly paracosymplectic manifold M˜(ϕ, ξ, η, g).
Proof. From proposition 2.2 and Eq. (2.10) we have ∇Zξ+h(Z, ξ) = 0. Compar-
ing tangential part and using proposition 4.1 we obtain that Z ln f = 0. Thus f is
constant, since Z ∈ Γ(TF ) is non null vector field. This completes the proof. 
Case-2: When characteristic vector field ξ is tangent to F .
Here, we first give an example illustrating PR-anti-slant warped product
submanifold M = F ×f Nλ of a nearly paracosymplectic manifold M˜(φ, ξ, η, g)
and then prove an important lemma for later use.
Example 4.4. Let M˜ = R4×R+ ⊂ R5 be a 5-dimensional manifold with the stan-
dard Cartesian coordinates (x1, x2, y1, y2, t). Define the nearly paracosymplectic
pseudo-Riemannian metric structure (ϕ, ξ, η, g) on M˜ by
ϕ
(
∂
∂xi
)
=
∂
∂yi
, ϕ
(
∂
∂yi
)
=
∂
∂xi
, ϕ
(
∂
∂t
)
= 0, ξ =
∂
∂t
, η = dt, (4.4)
g =
∑
(dxi)
2 −
∑
(dyi)
2 + (dt)2, ∀i ∈ {1, 2}.
Now, let M is an isometrically immersed smooth submanifold in R5 defined by
x1 = v coshα, x2 = v coshβ, y1 = v sinhα, y2 = v sinhβ, t = u, (4.5)
where v ∈ R− {0, 1}. Then the TM spanned by the vectors
Z1 = coshα
∂
∂x1
+ coshβ
∂
∂x2
+ sinhα
∂
∂y1
+ sinhβ
∂
∂y2
,
Z2 = v sinhα
∂
∂x1
+ v coshα
∂
∂y1
, (4.6)
Z3 = v sinhβ
∂
∂x2
+ v coshβ
∂
∂y2
, Z4 =
∂
∂t
,
where Z1, Z2, Z3, Z4 ∈ Γ(TM). Therefore from Eq. (4.4), we find that
ϕ(Z1) = sinhα
∂
∂x1
+ sinhβ
∂
∂x2
+ coshα
∂
∂y1
+ coshβ
∂
∂y2
,
ϕ(Z2) = v coshα
∂
∂x1
+ v sinhα
∂
∂y1
, (4.7)
ϕ(Z3) = v coshβ
∂
∂x2
+ v sinhβ
∂
∂y2
, ϕ(Z4) = 0.
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From Eqs. (4.6) and (4.7), we obtain that Dλ is a proper slant distribution given
by span{Z1, Z2, Z3} with slant coefficent λ = 12 and D⊥ is an anti-invariant
distribution given by span{Z4} with dimension not equal to zero, where ξ =
Z4 and ϕ(Z4) = 0, and η(Z4) = 1. Therefore, M is a proper PR-anti-slant
submanifold of a nearly paracosymplectic manifold M˜ . Here, the induced pseudo-
Riemannian metric tensor g of M is given by
g = dt2 + v2{ 2
v2
dv2 − dα2 − dβ2} = gF + v2gNλ .
Hence M is a 4-dimensional PR-anti-slant warped product of R5 with f = v2.
Example 4.5. Let M˜ = R6 × R+ ⊂ R7 be a 7-dimensional manifold with the
standard Cartesian coordinates (x1, x2, x3, y1, y2, y3, t). Define the nearly para-
cosymplectic pseudo-Riemannian metric structure (ϕ, ξ, η, g) on M˜ by
ϕ
(
∂
∂xi
)
=
∂
∂yi
, ϕ
(
∂
∂yi
)
=
∂
∂xi
, ϕ
(
∂
∂t
)
= 0, ξ =
∂
∂t
, η = dt, (4.8)
g =
∑
(dxi)
2 −
∑
(dyi)
2 + (dt)2, ∀i ∈ {1, 2, 3}.
Now, let M is an isometrically immersed smooth submanifold in R7 defined by
χ(u, α, v, t) =
(
u√
2
cosh(α), u + v, v,
u√
2
sinh(α), k1, k2, t
)
(4.9)
where k1, k2 are constants and u ∈ R−{0}. Then the TM spanned by the vectors
Z1 =
1√
2
cosh(α)
∂
∂x1
+
∂
∂x2
+
1√
2
sinh(α)
∂
∂y1
,
Z2 =
u√
2
sinh(α)
∂
∂x1
+
u√
2
cosh(α)
∂
∂y1
, (4.10)
Z3 =
∂
∂x2
+
∂
∂x3
, Z4 =
∂
∂t
,
where Z1, Z2, Z3, Z4 ∈ Γ(TM). Using Eq. (4.8), we obtain that
ϕ(Z1) =
1√
2
sinh(α)
∂
∂x1
+
∂
∂y2
+
1√
2
cosh(α)
∂
∂y1
,
ϕ(Z2) =
u√
2
cosh(α)
∂
∂x1
+
u√
2
sinh(α)
∂
∂y1
, (4.11)
ϕ(Z3) =
∂
∂y2
+
∂
∂y3
, ϕ(Z4) = 0,
From Eqs. (4.10) and (4.11) we can find that Dλ is a proper slant distribution
defined by span{Z1, Z2} with slant coefficient λ = 13 and D⊥ is an anti-invariant
distribution defined by span{Z3, Z4} with dimension not equal to zero, where
ξ = Z4 and η(Z4) = 1. So, M turn into a proper PR-anti-slant submanifold.
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Here, the induced pseudo-Riemannian non-degenerate metric tensor g of M is
specified by
g = dt2 + 2dv2 +
1
2
u2{3/u2du2 − dα2} = gF + 1
2
u2gNλ .
Thus, M is a 4-dimensional PR-anti-slant warped product submanifold of R7
with wrapping function f = 1
2
u2.
Lemma 4.6. If M = F ×f Nλ be a PR-anti-slant warped product submanifold
of a nearly paracosymplectic manifold M˜(ϕ, ξ, η, g) then for all X tangent to Nλ
and Z tangent to F , we have
(a) 2g(AntXX,Z) = g(AϕZX, tX) + g(AnXZ, tX)− (Z ln f)λ||X ||2 and
(b) g(AnXZ, tX) = 2g(AϕZX, tX)− g(AntXX,Z).
Proof. From Gauss formula and Eq. (2.12), we can write that
g(AntXX,Z) = g(∇˜ZX −∇ZX,ntX). (4.12)
Using Eqs. (2.13), (2.16), definition 2.3 and the fact that ξ is orthogonal to X
we get
g(AntXX,Z) = g(∇˜ZX,ϕtX − t2X) = −g(ϕ∇˜ZX, tX)− g(∇˜ZX, t2X)
= −g(∇˜ZϕX − (∇˜Zϕ)X, tX)− λg(∇˜ZX,X).
Above equation by applying definition of nearly paracosymplectic and proposi-
tion 4.1 reduced to
g(AntXX,Z) = −g(∇˜ZϕX + (∇˜Xϕ)Z, tX)− (Z ln f)λ||X ||2. (4.13)
Therefore, again using Eqs. (2.13), (2.16) and proposition 3.2 in (4.13), we obtain
that
g(AntXX,Z) = −g(∇˜ZnX, tX)− g(∇˜XϕZ − ϕ∇˜XZ, tX)
= g(∇˜ZtX, nX)− g(∇˜XϕZ, tX)− g(∇˜XZ,ϕtX). (4.14)
Employing Eqs. (2.13), (2.12), definition 2.3 and proposition 4.1 in equation
(4.14), we find the formula-(a). For formula-(b): we have from Eq. (2.12) that
g(AnXtX, Z) = g(h(tX, Z), nX). (4.15)
Applying Gauss formula, Eqs. (2.13) and definition 2.3, we find from above
equation that
g(AnXtX, Z) = −g(ϕ∇˜ZtX,X) + λg(∇ZX,X). (4.16)
Using proposition 4.1, Eqs. (2.16) and (2.7) in equation (4.16), we obtain that
g(AnX tX, Z) = −g(∇˜ZϕtX,X)− g((∇˜tXϕ)Z,X) + (Z ln f)λ||X ||2. (4.17)
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Employing Eq. (2.16), definition 2.3 and proposition 4.1 in equation (4.17), we
get
g(AnXtX, Z) = −g(∇˜ZntX,X)− g(∇˜tXϕZ,X) + g(∇˜tXZ,ϕX). (4.18)
Again using Eqs. (2.9), (2.13), (2.12) and Gauss-Weingarten formula we achieve
from equation (4.18) that
2g(h(tX, Z), nX) = g(h(Z,X), ntX) + g(h(tX,X), ϕZ)− g(∇ZtX, tX).
(4.19)
Equation (4.19) by the virtue of proposition 4.1 and Eq. (3.1) reduced to
2g(h(tX, Z), nX) = g(h(Z,X), ntX) + g(h(tX,X), ϕZ) + (Z ln f)λg(X,X).
(4.20)
Interchanging X by tX and using definition 2.3, proposition 4.1 in equation
(4.20), we have
2g(h(X,Z), ntX) = g(h(Z, tX), nX) + g(h(tX,X), ϕZ)− (Z ln f)λ||X ||2.
(4.21)
Thus, formula-(b) follows from Eqs. (4.20), (4.21) and (2.12). 
Lemma 4.7. If M = F ×f Nλ be a PR-anti-slant warped product submanifold of
a nearly paracosymplectic manifold M˜(ϕ, ξ, η, g) then
g(TX tX, Z) = g(AntXX,Z)− g(AnXZ, tX) (4.22)
for all X is tangent to Nλ and Z is tangent to F .
Proof. By virtue of Eqs. (2.10), (2.13) and (2.16) we obtain that
g(AnXZ, tX) = g(tX,∇ZtX)− g(tX, (∇˜Zϕ)X)− g(tX, ϕ∇˜ZX).
By use of Eqs. (2.5), (2.17) and proposition 4.1, the above equation reduced to
g(AnXZ, tX) = (Z ln f)g(tX, tX)− g(tX, TZX) + g(ϕ(tX), ∇˜ZX). (4.23)
Employing Eqs. (2.3), (2.19), (3.1) and Gauss formula in Eq. (4.23) we have
g(AnXZ, tX) =− (Z ln f)λg(X,X) + g(tX, TXZ) + g(t2X,∇ZX)
+ g(AntXX,Z). (4.24)
In light of proposition 4.1, Eq. (2.18) and definition of slant submaifold, Eq.
(4.24) yields Eq. (4.22). This completes the proof. 
Now, we prove:
Theorem 4.8. Let M = F ×f Nλ is a PR-anti-slant warped product submanifold
of a nearly paracosymplectic manifold M˜(ϕ, ξ, η, g) with ξ ∈ Γ(TF ). Then M is a
PR-anti-slant product if and only if TXtX is tangent to Nλ, for all X ∈ Γ(TNλ)
and Z ∈ Γ(TF ).
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Proof. From Eqs. (2.5), (2.10), (2.12), (2.16) and (2.17), we have
g(AnZX, tX) = g(∇˜tXX,ϕZ) = g(TtXX,Z) + g(ϕX, ∇˜tXZ).
From Gauss fromula and Eqs. (2.13), (2.19), we obtain that
g(AnZX, tX) = −g(TXtX, Z) + g(tX,∇tXZ) + g(AnXtX, Z).
Then, using Eq. (3.1) and proposition 4.1, we get
g(AnZX, tX) = −(Z ln f)λg(X,X)− g(TX tX, Z) + g(AnX tX, Z). (4.25)
Replacing X by tX and, using Eqs. (2.18), (2.19), definition of slant submaifold,
(3.1) in Eq. (4.25), we arrive at
g(AnZX, tX) = (Z ln f)λ||X ||2 + g(TXtX, Z) + g(AntXX,Z). (4.26)
Thus, from Eqs. (4.25), (4.26) and lemma (4.22), we derive
g(TXtX, Z) = 2
3
(Z ln f)λ||X ||2. (4.27)
Eq. (4.27) implies that, (Z ln f) = 0 if and only if TXtX is tangent to Nλ. Since,
X, Z are non-null vector fields and the fact that Nλ is proper slant submanifold.
This completes the proof. 
Theorem 4.9. Let M = F ×f Nλ be a mixed totally geodesic PR-anti-slant
warped product submanifold of a nearly paracosymplectic manifold M˜(ϕ, ξ, η, g)
with ξ ∈ Γ(TF ). Then M is a PR-anti-slant warped product submanifold, for
any X ∈ Γ(TNλ) and Z ∈ Γ(TF ).
Proof. From formula-(a) and formula-(b) of lemma 4.6, we obtain that
3g(AntXX,Z) = 3g(AϕZX, tX)− (Z ln f)λ||X ||2. (4.28)
Employing Eq. (2.12) in (4.28) we find that
3g(h(X,Z), ntX) = 3g(AϕZX, tX)− (Z ln f)λ||X ||2.
Since M is mixed totally geodesic, so we achieve from above equation that
g(AϕZX, tX) =
1
3
{(Z ln f)λ||X ||2}. (4.29)
This completes the proof of the theorem. 
Theorem 4.10. Let M → M˜ be an isometric immersion of a PR-anti-slant
submanifold M into a nearly paracosymplectic manifold M˜(ϕ, ξ, η, g). Then M
is locally PR-anti-slant warped product submanifold M of the form F ×f Nλ if
and only if shape operator of M satisfies
AntXZ −AϕZtX = −1
3
(λ)Z(µ)X, ∀Z,W ∈ Γ(D⊥ ⊕ ξ), X ∈ Γ(Dλ), (4.30)
for some function µ on M such that Y (µ) = 0, Y ∈ Γ(Dλ).
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Proof. If M is a PR-anti-slant warped product submanifold of a nearly para-
cosymplectic manifold M˜(ϕ, ξ, η, g). Then from formula-(a) and formula-(b) of
lemma 4.6, we derive Eq. (4.30). Since f is a function on F , setting µ = ln f
implies that Y (µ) = 0. Conversely, let us assume that M is PR-anti-slant sub-
manifold of M˜(ϕ, ξ, η, g) such that Eq. (4.30) holds. Taking inner product of Eq.
(4.30) with W and from theorem 3.5 we conclude that the integral manifold F
of (D⊥⊕ξ) defines totally geodesic foliation in M . Then by theorem 3.4, we find
that the distribution Dλ is integrable if and only if
2λg(∇˜XY, Z) = g(AntYX,Z) + g(AntXY, Z)− g(AϕZtY,X)− g(AϕZtX, Y ).
(4.31)
From Eq. (2.12) and fact that h is symmetric in Eq. (4.31), we arrive at
2λg(∇˜XY, Z) = g(AntY Z −AϕZtY,X) + g(AntXZ −AϕZtX, Y ) (4.32)
Eq. (4.30) yields by taking inner product with Y that
g(AntXZ −AϕZtX, Y ) = −1
3
g(λZ(µ)X,Y ). (4.33)
Now interchanging X by Y in Eq. (4.30) and taking inner product with X , we
obtain that
g(AntY Z −AϕZtY,X) = −1
3
g(λZ(µ)Y,X). (4.34)
From Eqs. (4.32)-(4.34) and symmetry of h, we conclude that
g(hλ(X,Y ), Z) = −1
3
g(Z(µ)X,Y ) = −1
3
g(X,Y )g(∇µ, Z).
This implies hλ(X,Y ) = − 13g(X,Y )∇µ, where hλ is a second fundamental form
of Dλ in M and ∇µ is gradient of µ = ln f . Hence, the integrable manifold of
Dλ is totally umbilical submanifold in M and its mean curvature is non-zero
and parallel and Y (µ) = 0 for all Y ∈ Γ(Dλ). Thus, by [17] we achieve that
M is a PR-anti-slant warped product submanifold of a nearly paracosymplectic
manifold M˜(ϕ, ξ, η, g). This completes the proof of the theorem. 
Acknowledgement. The authors are grateful to the anonymous reviewer for care-
ful reading of the manuscript, constructive criticism and several valuable sug-
gestions that improved the presentation of the work.
References
[1] Attarchi, H., Rezaii, M. M.: The warped product of Hamiltonian spaces. J. Math.
Phys. Anal. Geom. 10(3), 300-308 (2014).
[2] Alegre, P.: Slant submanifolds of lorentzian sasakian and para sasakian manifolds.
Taiwanese J. Math. 17(3), 897-910 (2013).
16 S. K. Srivastava, A. Sharma and S. K. Tiwari
[3] Bishop, R. L., O’Neill, B.: Manifolds of negative curvature. Trans. Amer. Math.
Soc. 145, 01-49 (1969).
[4] Blair, D., Showers, D. K.,Yano, K.: Nearly Sasakian structures, Kodai Math.
Semin. Rep. 27, 175-180 (1976).
[5] Blair, D., Showers, D. K.: Almost contact manifolds with killing structure tensor
II. J. Diff. Geom. 9, (1974).
[6] Cabrerizo, J. L., Carriazo, A., Ferna´ndez, L. M. and Ferna´ndez, M. : Semi-Slant
submanifolds of a Sasakian manifold, Geometriae Dedicata 78, 183-199 (1999).
[7] Cabrerizo, J. L., Carriazo, A., Ferna´ndez, L. M. and Ferna´ndez, M. : Slant sub-
manifolds in Sasakian manifolds, Glasgow Math. J. 42, 125-138 (2000).
[8] Carot, J., Costa, J. D.: On the geometry of warped spacetimes. Class. Quantum
Grav. 10, 461-482 (1993).
[9] Chen, B. Y.: Geometry of warped product CR-submanifolds in Kaehler manifolds.
Monatsh. Math. 133, 177-195 (2001).
[10] Chen, B. Y.: Slant immersions. Bulletin of the Australian Mathematical Society.
41(1), 135-147 (1990).
[11] Chen, B. Y., Munteanu, M. I.: Geometry of PR-warped products in para-Ka¨hler
manifolds. Taiwanese J. Math. 16(4), 1293-1327 (2012).
[12] Chen, B. Y.: Geometry of warped product submanifolds: A survey. J. Adv. Math.
Stud. 6(2), 01-43 (2013).
[13] Choi, J.: The warped product approach to magnetically charged GMGHS space-
time. Mod. Phys. Lett. A. 29, id.1450198, DOI: 10.1142/S0217732314501983
(2014).
[14] Dacko, P.: On almost para-cosymplectic manifolds. Tsukuba J. Math. 28(1), 193-
213 (2004).
[15] Erdem, S.: Constancy of Maps into f -manifolds and pseudo f -manifolds, Beitra¨ge
zur Algebra und Geometrie Contributions to Algebra and Geometry 48(1), 1-9
(2007).
[16] Ehrlich, P. E.: Metric deformations of Ricci and sectional curvature on compact
manifolds. Thesis, State University of New York at Stony Brook, Spring 1974.
[17] Hiepko, S.: Eine innere Kennzeichnung der verzerrten Produkte. Math. Ann. 241,
209-215 (1979).
[18] Kreitler, P. V., Trends in black hole research, Nova Sci. Publishers NY.
[19] Ku¨peli Erken, I˙., Dacko, P., Murathan, C.: Almost α-paracosymplectic manifolds.
J. Geom. Phys. 88, 30-51 (2015).
[20] Lotta, A.: Slant submanifolds in contact geometry, Bull. Math. Soc. Roumanie.
39, 183-198 (1996).
[21] O’Neill, B.: Semi-Riemannian geometry with applications to Relativity. Academic
Press, New york (1983).
[22] Sahin, B.: Slant lightlike submanifolds of indefinite Hermitian manifolds. Balkan
J. Geom. Appl. 13(1), 107-119 (2008).
PR-anti-slant warped product submanifold 17
[23] Sahin, B.: Warped product submanifolds of kaehler manifolds with a slant factor.
Annales Polonici Mathematici 95, 201-226 (2009).
[24] Srivastava, K., Srivastava, S. K.: On a Class of α-Para Kenmotsu Manifolds.
Mediterr. J. Math.DOI 10.1007/s00009-014-0496-9 (2014).
[25] Srivastava, S. K., Sharma, A.: Geometry of PR-semi-invariant warped product
submanifolds in paracosymplectic manifold (2015, preprint). arXiv:1510.06774v2
[26] Tiwari, S. K., Shukla, S. S.:Contact CR-warped product submanifolds in locally
conformal almost cosymplectic manifolds. Bull. Cal. Math. Soc. 102(2), 121-128
(2010).
[27] Tran, H. , : Harnack estimates for ricci flow on a warped product. J. Geom. Anal.
1-25 (2015).
[28] Uddin, S., Mustafa, A., Wong, B. R., Ozel, C.: A geometric inequality for warped
product semi-slant submanifolds of nearly cosymplectic manifolds. Rev. Un. Mat.
Argentina. 55, 5569 (2014).
[29] Zamkovoy, S.: Canonical connections on paracontact manifolds. Ann. Glob. Anal.
Geom. 36, 37-60 (2009).
S. K. Srivastava, A. Sharma
Department of Mathematics, Central University of Himachal Pradesh , Dharamshala-
176215, Himachal Pradesh INDIA
e-mail: sachin@cuhimachal.ac.in, anilsharma3091991@gmail.com
S. K. Tiwari
Department of Applied science, Ajay Kumar Garg Engg. College, Ghaziabad-201009,
Uttar Pradesh INDIA
e-mail: drstiwari.ims@gmail.com
